We determine the full structure of the leading (double-pole) divergences of O(p 6 ) in the meson sector of chiral perturbation theory. The field theoretic basis for this calculation is described. We then use an extension of this result to determine the p 6 contributions containing double chiral logarithms (L 2 ), single logarithms times p 4 constants (L×L r i ) and products of two p 4 constants (L r i × L r j ) for F π , F K /F π , K l3 and K e4 form factors. Numerical results are presented for these quantities.
1. Chiral logs arise in the process of renormalization. For instance, in dimensional regularization a renormalization scale µ is introduced to ensure the correct dimension of amplitudes in d dimensions. One-loop divergences then always appear in the scale independent combination
with a characteristic meson mass M. Renormalization consists in canceling the pole in d − 4 by the divergent part of the tree-level amplitude of O(p 4 ) and replacing it by a combination of scale dependent low-energy constants from L 4 , the next-toleading term in the low-energy expansion of the effective chiral Lagrangian L eff = L 2 +L 4 +L 6 +. . .. In many cases, the chiral logs ln M 2 /µ 2 make sizable contributions for a typical scale µ of O(M ρ ).
At O(p 6 ), the leading divergences are double poles accompanied by double chiral logs, the leading infrared singularities of O(p 6 ). The double logs are again numerically important in general, e.g., for S-wave threshold parameters in ππ scattering [1, 2] . As a by-product of the complete renormalization of the generating functional of O(p 6 ) [3] , we present here the double chiral logs in full generality for chiral SU(n). As will be shown below, the double logs (L 2 ) come together with terms of the form L×L 
(we use the SU(3) notation here for simplicity). It is then very natural to include such terms in the numerical analysis especially because they are often comparable to or even bigger than the proper double-log terms.
The purpose of this letter is twofold. First, our general double-pole divergence Lagrangian for SU(n) may serve as a check of existing and yet to be performed two-loop calculations of O(p 6 ). Secondly, the numerical analysis may provide hints as to where large p 6 corrections are to be expected. Of course, the partial p 6 results presented here are not a substitute for the full expressions of O(p 6 ). But once the double-pole divergence Lagrangian has been determined from a one-loop calculation (see below), the numerical applications come at almost no cost compared to the full p 6 calculations.
2.
In a mass independent regularization scheme like dimensional regularization, the divergent parts are polynomials in masses and external momenta. In the present case, the coefficients of those polynomials are renormalized by the general chiral Lagrangian of O(p 6 ). Therefore, the divergences themselves can be cast into the form of L 6 with divergent coefficients that receive contributions from the diagrams shown in Fig. 1 .
There are two types of diagrams in Fig. 1 , reducible and irreducible ones, both divergent in general. However, as will be shown below, one can always choose L 4 in such a way as to make the sum of the reducible diagrams c,e,g finite. Even so, these diagrams give rise to double logs in general. These double logs are completely determined by the tree-level contribution g proportional to products of low-energy constants of O(p 4 ). divergences in a given coefficient of L 6 are of the general form
where x(d) is a function of d that depends on the specific coefficient under consideration. The problematic piece in (2) is the nonlocal divergence
) that cannot be renormalized with a local action of O(p 6 ). Here, x 0 is the leading coefficient in the Taylor expansion of
Therefore, in accordance with general theorems of renormalization theory [4] , the nonlocal divergence must cancel with other contributions. Since the sum of reducible diagrams in Fig. 1 is finite with our choice of L 4 , the cancellation can only come from diagram d that is proportional to the low-energy constants L i . These constants are themselves divergent (to renormalize the one-loop divergences). In d dimensions, they can be written
with known coefficients Γ i and renormalized constants L r i (µ) [5] . The divergences due to the one-loop diagram d in Fig. 1 are then given by the product of (1) and (3) with appropriate coefficients y i (d):
Summation over i is implied and we have chosen the numerical factor −1/2 in (4) to conform to the notation of Ref. [2] . Cancellation of the nonlocal divergences in (2) and (4) is guaranteed by Weinberg's conditions [6] 
with y i0 the leading coefficient in the Taylor expansion of
, there are 115 independent terms (including three contact terms) [3] . We have verified the corresponding 115 relations (5) by explicit calculation of both two-and one-loop divergences.
The divergences in the sum of (2) and (4) now have the proper local form to be renormalized by the counterterm action of O(p 6 ) represented by diagram f in Fig. 1 . After renormalization, we are left with finite parts
The terms listed explicitly are the double-log contribution and all products of renormalized low-energy constants with a chiral log. With the help of (5), these two terms can be combined to give
The combinations k i [1, 2] always appear together in the renormalized coefficients. They are process independent generalizations of the double logs and their coefficients are completely calculable from the one-loop diagram d in Fig. 1 . The main reason for using the k i together with the products L r i × L r j in numerical applications instead of only the double logs is a practical one. Very often, in particular for chiral SU(3) for the conventional choices of M/µ, the additional terms are numerically at least as important as the double logs themselves.
Before discussing the actual calculation in more detail, we present the final result below. Since up to 11 of the k i can appear in each of the 115 coefficients of L 6 , the complete Lagrangian as a function of the k i cannot be reproduced here. Instead, we only write down the proper double-log Lagrangian for chiral SU(n) in Minkowski space, i.e. dropping the terms 1 of the form L r i (µ)L. We also drop all terms that do not contribute to processes with up to four mesons or one external field and three mesons.
with A = u µ u µ and h µν = ∇ µ u ν + ∇ ν u µ . F is the meson decay constant in the chiral limit and the quantities u µ , ∇ µ , χ ± , f µν ± are defined as usual (e.g., in Ref. [7] ). In the chosen basis for the SU(n) Lagrangian of O(p 6 ), 109 of altogether 115 coefficients are divergent. For n = 2 or 3 [8] , there are of course fewer independent terms but we postpone the explicit discussion of L 6 for n = 2, 3 to a separate publication [3] .
3. In this section, we sketch the main steps for extracting the double logs from the generating functional of O(p 6 ). All technical details will be deferred to a separate publication [3] .
In its most general form, the effective Lagrangian of O(p 4 ) for chiral SU(n) is given by
withχ − := χ − − χ − /n. The terms with coefficients C 11 , C 12 vanish at the classical solution defined by the equation of motion (EOM)
can be written in the form (9) but there is of course some redundancy for n = 2 or 3. The Laurent expansion analogous to (3) is
with known coefficients Σ i [5] . The calculation of both reducible and one-loop diagrams in Fig. 1 
with λ i the generators of SU(n) in the fundamental representation. We will not write down the explicit expressions for S 4i and S 4ij here (see Ref. [3] ), but concentrate on the EOM terms in (9) . As in the actual calculations, we switch to Euclidean space for the rest of this section. For investigating the influence of EOM terms, one needs the expansion
In (12)
ij is the inverse of the full propagator 2 of O(p 2 ) in the presence of external fields.
Turning first to the last term in (9), we infer from (12) that C 12 cannot contribute to the reducible diagrams e,g in Fig. 1 . Moreover, the one-loop diagram d proportional to C 12 vanishes in dimensional regularization because of δ d (0) = 0. In other schemes, the one-loop contribution would be a quartic (and sixth-order) divergence that can be absorbed in L 6 . Chiral logs do not occur and we can set C 12 = 0 without loss of generality.
The situation is more subtle for C 11 . The explicit factor G −1 ij in (12) implies that all tree-level contributions from diagram g involving C 11 are local, i.e. these terms can always be absorbed in L 6 . An explicit calculation shows in addition that diagrams d and e cancel exactly for the vertex associated with C 11 . The final result is that C 11 appears only in a (local) tree-level functional that has no bearing on chiral logs. Since we are free to choose any value for C 11 , the choice C 11 = 0 is the most convenient one for the calculation of the generating functional (for n = 2, 3, this corresponds to the Lagrangians of Refs. [9] and [5] , respectively).
Diagrams c,e,g make up the reducible part of the generating functional of O(p 6 ):
where D
ikl represents the cubic functional vertices in diagrams c,e (and b, for that matter). For C 11 = 0, the combination
ikl G kl turns out to be finite and scale independent by itself (see also Ref. [10] ). In other words, the one-loop divergences in c and e are cancelled by the divergent parts of the coefficients C i (i = 0, . . . , 10) given in (10). This is precisely what one expects: the one-loop divergences are already taken care of by the renormalization at O(p 4 ). Note however that this would not be the case for C 11 = 0 in general.
Due to the finiteness and µ-independence of the reducible functional (13), the renormalized low-energy constants C r i (µ) always appear in the scale independent combination
with L defined in (7) . Therefore, the dependence of Z red 6 on chiral logs is completely fixed by the dependence on the C r i (µ) via diagram g. In the actual applications, chiral logs from this source will appear in mass and wave function renormalization, F π , etc. Finally, the one-loop functional associated with diagram d is given by
Decomposing the propagator G ij (x, y) in the usual way [11] into two parts, being singular and finite in the coincidence limit x → y, respectively, Z L=1 6 exhibits two types of divergences as sketched in Eq. (4). The nonlocal ones cancel with corresponding divergences from the irreducible diagrams a,b. The local divergences (of a,b and d) are cancelled by counterterms in L 6 . Following the arguments of the previous section, they also determine the finite parts given in (6) . Keeping only the double-log contributions, the final result is expressed in terms of the double-log Lagrangian (8).
4.
Let us now turn to some applications of the above results. For the case of two flavours, n = 2, a number of full two-loop calculations already exists (a short review can be found in [12] ). We have checked that the double logarithms agree with those calculated for the following quantities: ππ-scattering [2] , F π and M 2 π [2, 13] , radiative pion decay [14] and the pion vector and scalar form factors [15] .
In the case of three flavours we agree with the double logarithms as calculated for the vector two-point function [16] , for M 2 π , M 2 η , F π and F η [17] . To emphasize that these agreements provide nontrivial checks on our calculations, we show here the p 6 contributions from the k i defined in (7) and from terms of the type L r i L r j for F π /F :
Here and in the following, as indicated by the superscript (6), we only display the partial results of O(p 6 ) (in the sense explained above) for all quantities considered. In addition we always use isospin symmetry.
The result for F K /F π is new:
We defer a numerical discussion to the next section. The p 4 results for F π /F and F K /F π can be found in [5] .
We have also worked out the partial p 6 results for several relevant semileptonic kaon decays. For the two K l3 form factors f + and f 0 we obtain:
The Ademollo-Gatto theorem [18] is the reason for the appearance of the factor (M
The definition of the two form factors and a discussion of experimental results can be found in [19] . The p 4 results can also be found there and were first obtained in [20] .
We also derived the corresponding results for the K e4 form factors F and G. The definition of all quantities appearing here can be found in [19, 21] and the p 4 results using the same notation can also be found there. They were first derived in [22, 23] .
change set A µ = 0.9 GeV set B M = 0.26 GeV
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5.
We will now show some numerical results using the previous formulas. It should be kept in mind that the final numbers are quite sensitive to the input numbers and that there are several uncertainties: 
and we evaluate the K e4 form factors at s l = ν = 0:
The results are shown in Table 1 . Since by definition of the K l3 form factors f 01 = f +1 we do not display f 01 . The last column shows that
MeV is probably not a good choice for terms of the type (M
2 leading to unreasonably big numbers in most cases. Not surprisingly, the numbers become even more unreasonable for M = M π .
The general size of the correction to F π /F is similar to the full result for the two-flavour case obtained in [15] . The correction to F K /F π is rather large and will, if the full p 6 calculation is of similar size, require a revision of the value for L r 5 . As for the K l3 form factors, the small correction f +1 to f + (0) is an important result. The form factor at t = 0 is used as input in the determination of the Cabibbo angle from K l3 decays. It is therefore important to know that f + (0) is well protected from p 6 corrections [24] . The corrections to the slopes λ + , λ 0 (f +2 , f 02 in the table) have about the same size but opposite signs. These corrections are within the expectations for chiral SU(3). However, the scalar slope might be more sensitive to p 6 corrections because the p 4 prediction for λ 0 is smaller than for λ + [20] . Finally, the curvatures induced at O(p 6 ) are completely negligible in the physical region, in agreement with the observed Dalitz plot distributions and with theoretical expectations [20] .
The size of the corrections to the K e4 form factors is such that a full p 6 calculation is desirable in order to refit L 1 , L 2 and L 3 . This is especially true for the slope of the form factor F (F 2 in the table) where the p 6 correction is of the same size as the observed slope [25] . Using the other inputs as above and fitting L (1, 2, 3) to F (0, 0, 0) = 5.59 ± 0.14, G(0, 0, 0) = 4.77 ± 0.27 and (F (q 2 , 0, 0) − F (0, 0, 0))/q 2 | q 2 =0.1 = (0.08 ± 0.02) F (0, 0, 0) leads to 10 3 · L r (1,2,3) = (0.25 ± 0.3, 1.24 ± 0.3, −4.75 ± 1.9) to be compared with the one-loop K e4 -only fit of [21] with the same inputs of (0.65 ± 0.3, 1.63 ± 0.28, −3.4 ± 1.0).
6.
We have determined the full double-pole divergence structure of chiral perturbation theory at O(p 6 ). We have described the general method for extracting all contributions with double chiral logs (L 2 ) as well as the full dependence on L r i × L and L r i × L r j . These partial p 6 corrections were then calculated for several quantities of physical interest. The corrections to F K /F π and to the slopes of the K l3 form factors are of the size expected for chiral SU(3). On the other hand, we find small corrections to the K l3 form factor f + at t = 0, important for the determination of V us . The corrections for K e4 decays are significant suggesting possible shifts in the values of L r (1,2,3) .
